
Contractibility of the Arc complex
Sg.r compact oriented surface w genus g r boundarycomponents

Fix two points bo b on the boundary may ormay not lie
on same bdrycomponent

The Disordered Arecomplex is a subcplex of the
full are complex it Sgir bo b

vertices isotopy classesof arcs no self intersections
w endpts in bo b

p simplices IP 1 aves that can berealised
arystemspairwise disjointly except at endpts

al
Tha A S bo b is contractible

Fix an arc α in A S bob andan orientation on it
Will construct a retraction of the complex onto star 2
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The Disordered AveComplex

Fix Sgir bob E dSgir
DSgr bobi are systems 420 2 2ps sit

The endpts of ai are bo b

jubhyhcommpsemenet cuttingalongdo 2 xp doesn't
disconnects

The order of do a xp at bo
and b

is the same
ensures ModSgr action is

transitive onpsimplices
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coronnectedaresystems

DSgr bobi c B Sgr bob C B Sgiribo bi c ASgr bobi

29 2 3 connected

hmt DSgir bobi is 2 5 connected

We shall prove this assuming the connectivity of B Sgiribobi
Rink Connectivity of B Sgirbo b can be proven using contractibility
of ASgir bob using a similar idea

Note the result is true when g 0

Define for a simplicialcomplex 5 simplex

link 1004

11621 1 1Thus staryo Linkyo
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Proof strategy Badness Arguments

Note when g 1 2911 29 2 3

so for K 2931 given a map f Sk D Sgr bobi

we can extend it

117 Sgir bo bit
I f
D BoSgr bobi

Aim Modify f until dottedmap exists
Here's the broad idea

The image of f consists of good and bad simplices
EDYS

bob DC b b

We want to push f off all the bad simplices

Eg I IQ 5mot IiEf
Here's whywe're able to do this in the above example

The link of o is 5 and maps to the linkof 2Moreover it maps only to good simplices in lk 2
since lk is 0 connected we're able to fill this in
with a 1 ball
flsterco and this 1 ball now bound a 2 ball using
which we're able to homotope off of 2



Tools to do this
Assume f DK B Sgr bob is simplicial

PLTopology can assume that simplicialstructure on D
is sit lkp 0 I s P where p dimo

o.DK

EE
For a simplex in BoSgr bobi

z is good if z E D Sgr bo bi
e is bad if e 20 α Xp and

Note Anysimplex not in Disgir bobi
contains a bad

simplex as a face
so it'll be enough to homotope f off all thebad
simplices

Let o e Dk be of maximal dimension sit e f o isbad
Then maximality liko c lk e

f 1k o is good

If we show f lk01 iscontained in a kp
connected

good subcomplex of lk z

we'll be able to fill Flenco with a ball
and homotope f as explainedabove
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We will show that lk c n D Sgr bob D Sgir bo bi
where g g and deduce kp connectivity inductively

Analysing Links

Simplices in link of 440,4 2ps
how many more

arcs can we

add to this system

To understand this we need to understand the resultant
surface s after we cut along to 21 Xp

C Eulercharacteristicargument Witheachcut goes

upby 11
X 2 2g r

Lemma If we cut do α xp in that order

there
at every cut

r n r 1 or

go g 1 fig
In particular g decreasesevery

other time

b In same bo different
bdrycomponent bding components

7k TFi
innerpart
outerpart r u r 1
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Back to badness

suppose 5 Vo V Vp is maximal sit

2 107 220 4 Xp is bad

suppose 2 Wo W we lk 0
Let BoBi Bq 2

Thirdsβ pg xp
β P2α

Then maximality of o implies
β do at bo i

β α at b i j
β Bj at bo Bi pj at b

This implies that βo β Pg can be identified

with a disordered are system on the surface
5 S 420 Xp's

EFlag
By our Lemma the genus g of

S is g p 1
Thus DCS bo bi is 2199 11 connected

Ie k p 435 p 293,152
2gp 1 p

3 2

3
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DCS bi bi is 1k p connected as desired

similarcaseworkwhen 2 2 or p 1


